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Abstract
Ratios of azimuthal angle correlations for Mueller-Navelet jets are compared in QCD
and N = 4 SYM. Such observables are well suited to study the effects of Mo¨bius
invariance in the Regge limit. The role of the renormalization prescription and the
size of conformal contributions is addressed, showing that the BLM procedure best
reproduces the N = 4 SYM results.
1 Introduction
The idea that some lessons can be drawn about collider physics and QCD from its max-
imally supersymmetric version N = 4 Super Yang-Mills (MSYM) has been extensively
studied in the last years (see e.g. [1, 2, 3, 4, 5]). In fact the large amount of symmetry of
MSYM translates into amazing simplicity of its scattering amplitudes [6, 7, 8]. Though it
is neither conformal nor supersymmetric, N = 4 SYM is very similar to QCD in most re-
spects. MSYM contributions to QCD amplitudes turn out to give the pieces with highest
“degree of transcendentality” [9]. Moreover, in the Regge limit, both theories are iden-
tical in leading logarithmic approximation. Therefore, the study of observables allowing
a sensible comparison of QCD and N = 4 SYM, especially in the high-energy limit, is of
great interest to quantify how much one can trust N = 4 results —in particular, those
obtained through AdS/CFT duality [10]— describing collider physics.
∗Research supported by E. Comission (LHCPhenoNet (PITN-GA-2010-264564)) and C. Madrid
(HEPHACOS ESP-1473).
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2 Azimuthal Correlations in QCD and N = 4 SYM
The observables considered in [11] to compare QCD and N = 4 SYM in the Regge limit
are ratios of azimuthal correlations between two forward jets with similar transverse mo-
menta p21,2 produced at large rapidity separation Y ∼ ln(x1x2s/
√
p21p
2
2), s 
√
p21p
2
2)
(the so-called Mueller-Navelet jets [12]), with x1,2 the fractions of longitudinal momenta
of the parent hadrons carried by the jets1. Such ratios were previously studied in QCD
[14, 15] where they were shown to exhibit an excellent perturbative convergence and to
be essentially independent of parton densities for large rapidity separation, what allows
us to compute at partonic level, giving a sound comparison.
The BFKL formalism, in which terms of the form2 O((λY )n) are resummed to all orders
in the multi-Regge limit [16, 17, 18, 19, 20], is best suited to compute the cross-section
for Mueller-Navelet jets. At the partonic level, it can be written as a convolution with
jet vertices Φjeti(q,pi) ' Φ(0)jeti(q,pi) = Θ(q2 − p2i ), p2i being a resolution scale
σˆ(αs, Y, p
2
1,2) =
∫
d2q1
∫
d2q2 Φjet1(q1, p
2
1)
dσˆ
d2q1d2q2
Φjet2(q2, p
2
1), (1)
and the differential cross section is simply given in terms of the Mellin transform
f(q1, q2, Y ) =
∫
dω
2piie
ωY f˜(q1, q2, ω) of the solution to the BFKL equation ωf˜(q1, q2, ω) =
δ(2)(q1 − q2) +
∫
d2 κK(q1,κ)f˜(κ, q2, ω) by
dσˆ
d2q1d2q2
=
pi2α¯2s
2
f(q1, q2, Y )
q21q
2
2
. (2)
The kernel (at NLO) is, in the basis of normalized LO eigenfunctions 〈q|n, ν〉 =
1
2
√
pi
(q2)iν−1/2einϑ (with LO eigenvalues χ0(n, ν) = 2ψ(1)−ψ
(
1+n
2 + iν
)−ψ ( 1+n2 − iν))
〈n, ν|Kˆ|ν′, n′〉 = α¯s,MS
[
χ0
(
|n′|, 1
2
+ iν′
)(
1− α¯s,MSβ0
8Nc
(
i
∂
∂ν
− i ∂
∂ν′
− 2 lnµ2
))
+ α¯s,MSχ1
(
|n′|, 1
2
+ iν′
)
− α¯s,MSβ0
8Nc
χ0
(
|n′|, 1
2
+ iν′
)]
δnn′δ(ν − ν′),
(3)
1To leading order radiated gluons can be directly identified with jets. The present computation is
carried to next-to-leading order (NLO) for the Green’s function, while keeping for simplicity jet vertices
to leading order (Φjet ' Φ(0)jet ). NLO jet vertices for Mueller-Navelet setup have been included in [13].
2λ denotes the ’t Hooft coupling in MSYM and α¯s ≡ αsNc/pi in QCD.
High-Energy Dijets in N = 4 SYM 3
in the QCD case [21, 22, 23], while in N = 4 absence of running leads to [23]
〈n, ν|KˆMSYM|ν′, n′〉 = λ
[
χ0
(
|n′|, 1
2
+ iν′
)
+ λχMSYM1
(
|n′|, 1
2
+ iν′
)]
δnn′δ(ν−ν′), (4)
where (ν = i(1/2− γ), S =
(
4− pi2 + 5β0Nc
)
and the function Ω is given in [23])
χ1(n, γ) = S χ0(n, γ)
12
+
3
2
ζ(3)− β0
8Nc
χ20(n, γ) + Ω(n, γ)−
pi2 cos(piγ)
4 sin2(piγ)(1− 2γ)
×
[(
3 +
(
1 +
Nf
N3c
)
2 + 3γ(1− γ)
(3− 2γ)(1 + 2γ)
)
δn0 −
(
1 +
Nf
N3c
)
γ(1− γ)
2(3− 2γ)(1 + 2γ)δ
n
2
]
;
χMSYM1 (n, γ) =
1− ζ(2)
12
χ0(|n|, γ) + 3
2
ζ(3) + Ω(|n|, γ).
(5)
Now, it was shown in [14, 15] that the differential cross section in azimuthal angle φ =
ϑ1 − ϑ2 − pi (ϑi is the azimuthal angle of each jet), for p2 ' p21 ' p22, can be written as
dσˆ(α¯s, Y, p
2
1,2)
dφ
=
pi2α¯2s
4
√
p21p
2
2
∞∑
n=−∞
einφCn(Y ),
Cn (Y ) =
∫ ∞
−∞
dν
2pi
e
α¯s(p2)Y
(
χ0(|n|,ν)+α¯s(p2)
(
χ1(|n|,ν)− β08Nc
χ0(|n|,ν)
( 14+ν2)
))
(
1
4 + ν
2
)
. (6)
The analogous expression for Cn in N = 4 SYM is obtained with obvious changes
(α¯s → λ, χ1 → χMSYM1 ) and recalling that β0 = 0. In the Fourier decomposition (6),
n is the conformal spin that labels a representation of SL(2,C). This is the conformal
group in two dimensions, and the LO BFKL equation is invariant under it in the
transverse plane [24]. The origin of this symmetry is unclear. Observables related to
higher conformal spins, sensitive only to this transverse plane, can probe this SL(2,C)
invariance and, moreover are not affected by the collinear instabilities typical of the
n = 0 component.
It is remarkable that such observables can be directly obtained from the coefficients Cn.
For n = 0, we have the total cross section: σˆ(p21,2, Y ) =
pi3α¯2s
2
√
p21p
2
2
C0(Y ). Contributions
from higher conformal spins are projected in the correlations
〈cos(mφ)〉 = Cm(Y )C0(Y ) , Rm,n(Y ) ≡
〈cos(mφ)〉
〈cos(nφ)〉 =
Cm(Y )
Cn(Y ) . (7)
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The ratios Rm,n are introduced to cancel the contribution with n = 0, so that we can
expect them to have an extremely good perturbative convergence.
3 The BLM Procedure
At NLO level, the choice of the renormalization prescription is very important in the
comparison between QCD and MSYM. Brodsky, Lepage and Mackenzie (BLM) developed
a prescription to set the scale which can be argued to be very natural for many observables
[25] (see also [26]). At NLO, a finite renormalization is equivalent to a redefinition of
the coupling (e.g. for transition from MS to MOM scheme [27], αMOM = αMS(1 +
TMOM αMS/pi)) and this in turn to a rescaling of the point at which the coupling is
evaluated µ→ µ¯ = µ exp(−TMOM/2β0). In the BLM procedure the scale is set in such a
way that the coupling redefinition absorbs all charge renormalization corrections, leaving
a perturbative series identical to that of the conformally invariant theory with β = 0.
To enhance the effect of BLM in gluon dominated processes, it is appropriate to use a
physical scheme for nonabelian interactions. Such an strategy was followed in [28], where
BLM was applied to the pomeron intercept in γ∗γ∗, obtaining a result much closer to that
expected from phenomenology and hardly sensitive to the transverse scale, approaching
conformal behaviour (Fig. 1). Here MOM scheme was chosen3, for which
TMOM = T
conf
MOM + T
β
MOM, T
conf
MOM =
Nc
8
(
17I
2
+
3ξ
2
(I − 1) + ξ2
(
1− I
3
)
− ξ
3
6
)
,
T βMOM = −
β0
2
(
1 +
2I
3
)
, I ' 2.3439.
(8)
In [11] the same procedure is applied to the ratiosRm,n (see [11] for the technical details).
We just want to remark that for general conformal spin the value of the BLM scale is
q2 MOMBLM (n, ν) = q
2 exp
(
1
2
χ0(n, ν) +
1 + 4I
3
)
(9)
The BLM procedure, which produces a high scale for n = 0 (% ≡ q2 MOMBLM (n, ν = 0)/q2
is ∼ 105 for n = 0), gives a more natural scale for higher conformal spins, e.g.
%(n = 1) ∼ 33, %(n = 2) ∼ 18.
3We also adopt the MOM scheme for the BLM procedure, with Yennie gauge (ξ = 3). To avoid the
dependence on ξ it is also possible to use for instance the Υ scheme based on Υ→ ggg decay.
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It was expected that conformal contributions, resummed to all orders, would be of great
importance. In fact, NLO corrections for the truly conformal N = 4 SYM kernel are
approximately only a third of those in QCD. So BLM prescription is expected to make
QCD results closer to those of MSYM. If Mo¨bius invariance is related to the 4d conformal
symmetry of MSYM this should be clearly seen for our observables.
4 MSYM versus QCD
In Figs. 1-3 we summarize the results obtained. N = 4 results appear as a yellow band
because we take the coupling λ to vary between λ = α¯s(q
2/4) (MSYM−) and α¯s(4q2)
(MSYM+). Results for QCD in the planar limit are also shown.
In Fig. 1 it is shown how BLM gives scale-invariant behaviour for the pomeron intercept
ω(p2, n = 0) —with a value of order 0.2—- and the fact that MSYM cross section grows
faster than that of QCD for any renormalization scheme (RS) as a result of the dominance
of real emissions and the higher multiplicity associated to extra supersymmetric fields.
In Fig. 2 the lower order moments of the cross section in azimuthal angle are compared
in QCD and N = 4. Tagged jets are less correlated in N = 4, again because of the
higher final-state multiplicity. Due to the instability of the n = 0 component, MOM-
BLM results do not exhibit any clear effect with respect to other RS’s. However, as
shown in Fig. 3, when plotting the ratios Rn,m, from which reliable information can be
obtained, BLM makes QCD results systematically closer to those of N = 4 SYM in all
the range of rapidities, a feature also seen in a big number of low order ratios.
5 Conclusions
Study of dijet production at large rapidity separation through highly convergent ratios
of azimuthal correlations in N = 4 SYM allows us to study the conformal dynamics
of the Regge limit and analyze which renormalization schemes capture best the bulk of
conformal contributions. In QCD, BLM procedure generates results very similar to those
of N = 4 SYM ones in the studied kinematical window. This indicates that BLM is the
natural renormalization prescription, at least for these observables, and brings hope that
for well chosen quantities AdS/CFT results could be of some use to describe collider
phenomenology. Other observables should be studied in future work to investigate this
claim.
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Figure 1: Top: Intercept vs jet resolution p2 for different renormalization schemes in
QCD and MSYM; Bottom: Growth of the cross section with rapidity separation Y .
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Figure 2: Evolution of 〈cosφ〉 and 〈cos(2φ)〉 in QCD and MSYM.
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Figure 3: Evolution of R2,1 and R3,2 in QCD and MSYM.
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